In 1885, Cesàro [1] gave the remarkable formula
while it's not very profound, I think it deserves to be better known.
Unfortunately, it contains a typographical error: a factor of p! is omitted. The correct formula, with n in place of p and using B n for Bell number, is
The integrand is the imaginary part of e e e iθ sin nθ, and so an equivalent formula is
sin nθ dθ .
The formula (1) is quite simple to prove modulo a few standard facts about set par- [j] is j n , a classic application of the inclusion-exclusion principle yields
The trig identity underlying Cesàro's formula is nothing more than the orthogonality and DeMoivre's formula e iθ = cos θ + i sin θ, it follows that
for integer j ≥ 0. Just one more identity is needed:
for integer k ≥ 0 (of course, n 0 = 0 for n > 0 and
Proof of (4) The binomial theorem implies the left hand side is 
